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inrllj^G  NOllaLXinAR  VAIV  PROPAdAtXOlf 
IN  XOMZZID  liil^ 


7,  plAMA  iMi'tAi  la  a  atraialac 

i,  eoid  ioaiaad  Mdiaii 


1 .  Stiinma^. 

l%e  rdaearoh  repotted  in  this  eoBumiiiipatldn  daaif  %nth 
tba  properties  of  non'^ilnear  travelling  and  standing  plasna 
waves  in  homogeneous »  ionized  cold  Streams < 

For  tbe  travelling  ndn^llnear  plasma  waves  it  is  possihle 
to  obtain  direct  and  simple  expressions  (provided  electronic 
overtaking  does  not  occur) •  which  relate  the  charge  density 
to  the  true  stream  coordinate^  This  direct  method  is,  uns 
fortunately,  not  in  general  applicable  to  the  pratically 
important  case  of  standing  plasma  waves  «  a  synnetrio  space 
Charge  wave  pair  in  the  linear  theory^  There  exists  one  except 
tion,  however,  when  the  direct  method  can  be  applied  to 
standing  plasma  waves,  viz.  the  very  special  case  of  stream 
plasma  resonance^  in  all  other  cases,  provided  there  is  no 
electronic  overtaking,  the  indirect,  but  nevertheless  exact, 
methods  of  Olving  [i]  will  have  to  be  used, 

The  non-linear  ataximum  charge  peaks,  or  Charge  bunches, 
are  shown  to  be  rather  similar  for  the  physically  otherwise 
quite  different  travelling  and  standing  non»linear  waves* 

Both  rapidly  become  very  rich  in  harmonics  ts  overtaking  is 
approached,  if  such  a  stream  runs  through  a  multi-resonant 
system,  for  example  the  solar  corona,  an  ionized  anisotropic 
medium!,  or  a  series  of  cavities  in  a  microwave  device,  high 
harmonies  may  be  excited  in  the  system.  Whether  a  net  harmo¬ 
nic  radiation  actually  takes  place  or  not  from  the  inter¬ 
acting  medium  is  a  problem  of  its  own,  difficult  and  beyond 
the  aims  of  the  present  investigation. 


2i  Introdttc  tloa » 

V«  assume  tbat  the  Ions  and  eleetroiis  of  the  infinitely 
wide,  homogeneous  and  cold  stream  have  a  mean  and  equal  den¬ 
sity  and  a  didift  velocity  v^,  along  the  z-axis  of  the  sys- 
tem,  Furthexinore ,  we  neglect  the  oscillations  of  the  ions  and 
assume  that  the  electrons  make  longitudinal  oscillations  only. 
This  means  that  only  electronic  plasma  oscillations  are  exci¬ 
ted  in  the  streaming  medium, 

¥e  next  introduce  the  following  notations,  viz. 


/N  e^^/^ 

a)p  ■  J  V  ihe  angular  eleetronlc  plaima 

*  frequency , 


(0 


p  a  -  Ne  a  -  (N  ♦  N^)  e  a  P  -  p  ,  (z) 

O  W  M# 

where  is  the  differential  electron  density  and  p^  the 
differential  -  or  ac  -  epace  charge  density, 


where  v^  is  the  differential  -  or  ac  -  velocity  (in  the 
direction) t 

z  =  z^  -  (4) 

where  is  the  displacement  of  the  electron  planes  from 
the  equilihrituB  position  z^  (a  v^t ,  if  the  unperturbed  elec¬ 
tron  plane  in  question  left  the  z^  »  0  level  at  time  t  a  O) , 
and  linally 

Ej  a  a  E^,  since  E^  a  0,  (5) 

where  E^  is  the  axial  ao  electric  field  strength. 

As  long  as  is  a  single  valued  function,  i*e,  when 


thet?e  la  no  oledtx^nle  dvortaklns>  tho  «i#ct#onl6  pdiiuedsa« 
tioa  baeottoi 


?  ■Pi  «N-ij5  i  (6) 

1^0  baale  x«lation  (6)  holda  for  all  non^linaar  aaoillatloiiai 
whan  la  alaglo  valuod,  wbioh  wo  aaauna  to  bo  tho  eaao  in 
idUit  followa» 

Sliioe  wo  ha  Vo  an  infinltoly  tdido  atroaPt 


€  £  *  P  m  0, 

o  ^  ^ 


(?) 


and 


a  ■  »  £  /p^* 

>w  O  o 


m 


Tho  aquation  of  aotlon^ 

^  -  a  r  * 


d^a^ 


df 


(9) 


thoroforof  by  (8),  lamiadiataly  ylalda 

(•^  ♦  <a^)  *  •  0, 

dt"^  P 


(10) 


Tho  alactrona  thua,  avan  In  tho  non»llnoar  caao,  oacillata 
harmonloally  aroiuid  tboir  undlaturbod  poaltian  a^  («  v^t) 
with  tho  plaoma  froquonoy  a  fact  alraady  polntad  out 

and  dlaouaaod  by  Olvln^  [ 1 ] . 

By  (b)  ral«  (1Q)  can  alao  bo  wrlttan 


«diora 


*  Q, 


4  .  •  (2lAp)*, 

luid  X  la  tha  plaaaa  wayalaiicbh  of  tha  atraandnc  aodlt 


(11) 


ilii  amplitude  ot  the  plasma  oselllatlohs  obviously  varies 
from  plane  to  plane  and  can  be  regarded  as  a  funetion  of 
^  ~  [  ^  ]  •  vhioh  is  a  constant  for  any  flven  eleotron  (or 

plane  of  eleetrona)* 

Rel.  (7)  iMiediateiy  yields 


dP^  d*^ 

®o  *  "at”  ■  ®o  "p"  *  ^ 


0  at 


0. 


(12) 


aa  it  should  be  (the  total  axial  m  ourrent  must  be  aero),  i.e 
dP^  a*. 


uhere  1^  is  the  (axial)  ao  eonvection  ourrent  denaityi 
Finally  the  equation  of  continuity, 


at 


ai^ 
da  • 


(14) 


by  (13)  requires  that 

as 

P-M*  "Po  if  •  ^ 


ay 

a'  i  * 


(15) 


idiioh  means  that 


p  ^  iHz  - 1- _ 

p _  ■  ~  as  *  TTlTTSaT* 

Since  overtaking  occurs  when  da  /d  a^  S. 
as  oxpooted,  p  -*  oo  t  vhen  it  bofins. 


(16) 


1 ,  one  notioes  that , 


3 


In  order  to  faeilltate  our  dlsousslon  of  the  noa-llnear 
oeolllatione  we  will  lu  this  section  briefly  discuss  two 
eharacteristle »  and  naturally  well  known  [2]^  linear  solu- 
tionSi  VI Si  the  "standing'*  plasnia  waves  and  the  "travellinff” 
plaasia  waves  • 


If  we  assuBie  that  an  ideal,  Ridded  veiocity  modulation 
gap  is  inserted  at  s^  a  0  (in  the  following  we  neglect  s^ 
and  thus  write  all  solutions  in  terms  of  s) »  that  the  strea¬ 
ming  electrons  have  not  been  subject  to  perturbations  of  any 
inind  before  reaching  this  gapt  and  that  the  ac  veloolty  pro¬ 
duced  by  the  same  is  (Via)^Q  ■  v^  sin  mt,  we  obtain 


v^  ■  v^  sin(ttt  -  as)  eos(k  a), 
o  ^ 


(17) 


and 

^  eos(Mt  -  as)  sin(k  s)  - 

“P  P  ' 

-  sin(ut  -  as)  oos(k^  s)]. 


(20) 


a  •  u)/v_,  (21) 

o 

¥•  notice  tlmt  the  eenveetlon  curx'ent  Is  zero  at  the  gap,  but 
not  so  the  differential  space  charge  density.  In  the  steady 
state,  and  relations  (17}  to  (20)  are  steady  state  solutions, 
the  velocity  modulation  produces  an  (nornally  small)  ae 
space  charge  density  in  front  of  the  gap.  Ve  furthermore  no¬ 
tice  from  (20),  that  p  /p^  becomes  large  for  a  very  underdense 

stream,  i^iO.  when  m/o)  <<  i.  Overtaking  thus  rapidly  occurs, 

p 

when  the  stream  becMes  underdense. 

If  we  have  plasma  resonance  in  the  stream,  i«e,  when 
<tf  m  Hi-  i  relations  (17)  and  (20)  yield 

p 

•  2  ♦  sin[u)^(t  ^  2m/v^)3  ‘  » 

(22) 

and 

y, 

^fL/Po^so^  *  *  -  Wv^)].  (23) 

The  ae  velocity  now  has  two  characteristically  different 

Components,  one  a  pure  plasma  oscillation  independent  of  a, 

and  the  other  a  travelling  "plasma  wave"  with  the  phase 

velocity  v^/2.  The  ae  charge  dsnslty  only  appears  in  the  form 

of  such  a  plasma  (or  space  charge)  wave.  The  pure  plasma 

osolllatlon,  ein(u  t),  as  expected  Is  not  associated  with 

P 

any  fluctuations  In  p.  In  this  respect  there  is  little  dlffe- 
rence  between  the  stream  and  the  stationary  medium.  For  a 
more  detailed  discussion  of  the  transition  from  a  moving  to 
a  stationary  medira,  which  is  outside  the  scope  of  the  pre¬ 
sent  communicatipn,  the  reader  is  referred  to  an  earlier 
paper  by  Rydbeck  [2]. 

It  is  of  interest  to  nots,  that  p  now  appears  in  the 

s|s  •  ■ 

form  of  a  pure  travelling  wave,  a  fact  we  will  later  make 


uie  of  to  obtain  an  exact  i  and  diireot,  aolutldn  of  the  denalty 
vas^atlona . 

Pinaliyt  if  we  locate  the  modulation  plane  at  euch  a 
pcaltion,  that  coe(k^  a)  ■  d#  It  now  appeare  from  (2d)i  that 
a  density  modulation,  p  ■  p  cos  cot,  at  this  plane  (we 
tacitly  aeeune  that  it  le  poislble  to  perfoxui  such  a  modula¬ 
tion)  ,  produces  a  velocity  modulation  v_/v^  « 

■  (p  tn  /p.  co)  eos(k  z)  8ln((ot  -  az) ,  k,  z  ^  ti/2.  **standlns* 

^  p  o  p  p 

plauia  waves  thus  can  be  produced  by  pure  velocity  modulation, 
by  pure  density  modulation  or  by  a  suitable  coiAinaticn  of 
both,  zt  should  be  noticed  that  the  underdense  beaai  (co  »  o)^) 
is  much  more  sensitive  to  velocity  than  to  density  modula¬ 
tion.  By  properly  oomblnlnc  velocity  and  density  modulation 
it  is  also  possible  to  produce  a  "travellinc*  plasma  (or  space 
Ohazife)  wave. 


^  -  "  af f  YtillM* aiEl f  §ga  -  i Sf «  SSa fftl  r.  YtYtl 

tt  we  prodttoe  the  following  velocity  and  density  modula¬ 
tions  at  the  modulation  plane  s  a  o, 


a  "travellinf"  plasma  wave  Is  produced  in  the  streini. 


(24) 


(23) 


vile 


w  ■ 

”  •  sin[wt  »  (a  ^  kp)  s]. 


(26) 


^  sin[»t  «  (a  ♦  k  )  a], 

Po  *p  - 


(27) 


O  ^  = 

E  a  k.  c6«[u)t  «  (a  4  k^)»]i 

9  **  O  p  P 

and 

i  ■  ♦  V  ainLcot  »  (a  ♦  k^)z]. 

If  th«  veidelty  and  danslty  modulation  aj*e 
phaaot  a  alow  plaama  wava,  aia;[u>t  ~  {(x  *  k^)  z]j 
and  «h«n  they  are  in  phase «  a  fast  plasma  wave. 
It  ii  important  to  note,  that  (for  z  >  6)  p^/p 
we  have  plasma  resonanoe  in  the  stream  [a  ■  k^; 
(22)  and  (23}].  The  travelling  plasma  wave  is  01 
terest  in  this  eonneotion,  since  its  non-linear 
be  Obtained  exactly  and  direot,  when  overtskinE 
as  will  be  shown  in  the  following  chapter  4. 


(28) 


(29) 

180®  out  of 
is  produced, 
sin[u)t  -  (a*k^)z] 
^  m  Oi  When 
compare  also 
'  special  in¬ 
properties  can 
does  not  occur. 


Ilie— aon^linaar  ti^avelling  Blaama  waVa  i 

Since  we  are  dealing  with  travelling  waVeat  we  now  aaaume 
that  all  qiiantitiea  can  be  expreased  aa  iHinetiona  of  the  aame 
drift  variable. 

y  -  U)t  «  “  ®Jy)»  ote.]  (30) 


where  y  ■  a  +  h  for  the  alow  plaama  wave,  and  y  m  a  «  k„  for 

p  _  P 

the  feat  plaama  wave»  xt  ahould  be  added,  that  it  can  be  ahown 
from  our  previous  relatione  in  chapter  2,  that  y  actually  is 
a  eonatant  [the  eleotrona  according  to  (16}  always  oaoillate 
harmonically  with  the  angular  frequency  around  their  una 
diaturbed  position].  The  phase  velocity  of  the  travelling 
plasma  wave  thus  becomea 


a 

phase  o  a  t  ph^ 

By  (30)  we  next  obtain 

(<i)  *  yy)  ^  ^  ^  B  »  (iq*  of  motion) 

uj  n  ^ 


(31) 


(32) 


d£ 


(Poiaaon'a  Bq.)  (33) 


(w 


yv) 


(£q.  of  continaity)  (3^) 


If  we  introduce  the  "reduced”  velocity  wave  function 

w  ■  «  »  yyt  (35) 

where  it  is  to  be  noted  that 


Wp  ■  «  *  (a  ♦  kp)  v^ 


4)- 


(33m) 


^10« 


(tli*  upp«r  sl^  stuids  for  tho  alow  vava)t  ralatloa  (34) 
iiaiatilataly  ytaida 


is 

Po 


(36) 


(36a) 


wtaioh  can  bo  wnttan  uoder  tha  altamata  fora 

•  Y  (▼P  *  \  P©)*  ^3^) 

tho  of  aotion,  (32),  by  (35)  ean  bo  wi^ttoa 


idiieb  ylolda 

‘ifl  P~-  ifl 

■  o  ay 

or*  fiaaily  by  (36a) •  tho  aoa^liboar  wavo  oquat^oa 

.  0.  (kO) 

dy  p  w 

Ibo  liaoarizod  (i«o«  aaiall  oiapaal)  form  of  (40)  boooiioo 
(^^  ♦  1)  •  0,  (I  p^/Ppl<<l).  (41) 

whieh  baa  tho  solution 

■  A  ala((»t  -  ys)  *  B  eoa((i)t  ya)* 


i*o«  travolllac  wavos  oaljr* 

Tho  aon<»llaoar  wavo  oquatloa  for  eaa  oaolly  bo  do* 
duood  froa  tho  provloiia  rolatloas.  Zt  boooaoo 


^2  o  *  ve^  -i 


Pdrtujutdly  (40}  can  b«  solvid  axadtly^  Nultlplieatldn 
by  dw/dy  aiul  i&tadratlbn  iwibe  yieldi 


y  “  Yl  *  <P  ♦  (l  -  Po'^Pnax^  «®*  P» 


m 


for  th«  aiov  plasma  wavSf  and 


y  *  y,  *  *  ^  -  Po/Pn,a*^  ®** 


for  tba  fast  plasma  irav*^  Sines  y 
raalt  9  assumas  th#  font 

i  P^/P 


<•  y^  miist 


(44) 

ba 


/I  -  Po/P  \ 


(45) 


«  9*e 


p^4» 


o''"min 


«  *  Po'^w* 


(46) 


1 

a 


»  1. 


(47) 


Rflations  (43)  mad  (44)  can  now  ba  writtan 
y  »  y,  *  ♦  [mac  •i»(?l)  ♦  (^  *  ^«^)  *  ?*]»  (43a) 


fram  whlob  y  dlraet  can  ba  plottad  as  a  fbaotlon  of  p/Pp* 
Ona  ixmiadiataly  infars  from  (43a) t  tbat 

P 

♦  (y  *  Tt)*  ’  •  gr^  (♦  »  2k),  whan  p  «  pp,  (48) 

•  max 


.12« 


vhloh  damoftatrates  how  the  ■  0  poaltloha  is  dlaplaeedt 
when  the  atream  la  heaviiy  modulated*  fiirtheniofe  one  aoteay 
that 


♦  (y  **  y^)  ■  «/2  (♦  n  H),  whan  p  -  Pm^^i  (^9) 

and 


♦  (y  «  y|)  *  “  it/2  (♦«  2«),  whan  p  ■  Pgin^nt  (5o) 

l«e*  the  dlatanoe  between  the  space  Ch»s;e  maxlfnim  and  minli!* 
mum  la  independent  ot  t  as  it  ahould  be. 

One  eaaiiy  pirovea  from  our  previoua  relatienai  that 
„  2 

m  <•)_  p  \P — 

ZTf  ^  V  *  i 

and  by  (36)  that 


♦  #  -  1) 
me  O  ' 


(52) 


Relations  (50  cmd  (52)  show  that  the  positive  and  negative 
peak  values  of  E  ,  respeotively  v  are  equal  even  in  the  non« 

sy  ■  sy 

linear  ease* 

When  overtsdding  ooours  p  «»  co  •  which  thua  takes  plsuBe 

when 


V  .*  V  ■  -  WL  J  -g'  --  V  ■  •  W  v_  , 

^  %rit  *  ^  ^ 

Qp 

Xt  thus  appears  that  ^  v.^  /v^  can  be  regarded  as  a  measure 

Wp  o 

of  the  aon«linearity.  fhrthensore  one  notioesi  as  haeSLready 

been  pointed  out  in  a  previoua  aeotion»  that  the  oritioal  ae 

velocity,  v  is  extremely  small  for  a  very  uaderdenae 

•'orit 

atrema. 


^13* 


Xt  la  eapeoially  Intareatlng;  to  nota«  that  for  tha  ra- 

aoaant  atraam  (to  m  to^)*  V-  . .  la  aqual  to  »  vV2  for  tha  alow 

p  er-it  o 

plaaaa  wava  and  infinitely  large  for  tha  faat  plaaaia  wave, 
whioh  now  tranaforma  Into  a  atationary  plaama  oaelllation 
( aaa  alao  ehaptar  3 ) . 

Ihirthariiiora  it  ahouid  ba  point  ad  outt  that 


^ont 


^o  • 


(eondltlan  for  dvartakiag) 


(53) 


aa  might  ba  axpaotad. 

Finally  it  ahouid  ba  mantlonad  thatt  aoeordlng  to  (8)« 
tha  dlaplaeamant  of  tha  oaelllatlng  alaetron  plaaaa  baoomaa 

X  7  (^  ^  (54) 


Tha  iiatlinum  dlaplaoamanta  at  overtaking  thua  ara 


z 


crlt 


i 

♦ 

«  Y 


I  211 


CD 


(a 


l^p 


(54a) 


where  ^  v  \  /e_»  and  \  la  the  vacuum  wavelangth. 

Z  000  P  -w 

it  la  worth  noting  from  (5S2)  that»  even  In  the  non¬ 
linear  caaat  p  a  Q  for  the  faat  plaama  wave,  when  cd  ■  (i)^* 

av  P 

Tha  eorraaponding  value  of  I  z^  I  than  by  (34a)  «*  oo  , 

Finally  one  direet  inf era  that,  aa  it  ahouid  be,  (43a}, 

(31)  and  (32)  reduce  to  the  linear  expreaalona  (87) t  (28), 

and  (26),  whan  p^  /p^  «  1. 

~max  d 

Xn  order  to  dembnatrate  the  nature  of  the  non-linear 
travelling  plaama  wavea,  we  have  In  FLga*  1,  2  and  3  plotted 

I  da  funotlona  of  y  -  y.  for 

p^^^p^  ■  1,1,  2*0,  10  and  100,  if  we,  to  thke  a  typical 
example*  aaacsie  that  (o/cDp  ■  3  (a  relatively  underdenae  atraaoi)* 
thaae  Taiuea*  by  (32),  oorreapoiid  to  > /Vp  *  0,0275* 


14» 


fif,  1.  P/P^  ••  ftaictlpn  of  y  y,  for  tho  Bos^llsooif  trarol 
llaf  plaaiMi  voro* 


»16^ 


flf.  3,  ••  of  j  m  Yy  for  tho  noa^l.iMM!' 

trsT«liiiiic  plasm  waTf. 


«i7- 


0»12$0,  0.2250,  and  OiZkjS  for  tna  fast  plasma  wavs 
ip--  s  «  would  eori^aspond  to  iv  ■  0,2500,  at 

whleh  valoeity  ovartaiclfiir  basins).  It  appaars  from  tha  thraa 
oufwas  that  tha  non~llaaar  wavas  rapidly  baeoma  vary  rloh 
In  hlghar  harmonies.  It  is  aspaeially  intarastin#  to  nota 
tha  vary  intansa  eharsa  bunching  vhieh  baeomas  posslbla 
whan  v^  approaohas  its  erltleal  valua  (in  tha  prasant  numa- 
rleal  easa  v  /4).  If  such  a  straam  runs  throu^  a  miiltl- 

P 

resonant  system,  for  axampla  the  solar  corona,  an  lonlaad 
madlum  in  a  plasma  ampllfiar,  or  a  sarlas  of  eavltles  in  a 
mlorowava  device,  very-  hl^h  harmonies  may  be  axel tad, 

OTuither  a  net  harmonle  radiation  aetually  takas  plaea  or  not 
from  the  Intaraotlnc  medium  is  a  problem  of  its  own,  dlfflB 
eult  and  beyond  tha  miMB  of  tha  presant  report. 


3,  Qlvlngls  ntethod  of  n6P|*i4nf»T 

^  noftalingar  t^ayi  |i| jg jLasia_wgy« . 

Felibvld^  diving's  approach  [l],  we  now  %rrlte  doWil  the 
•ieetronio  dispiaeemant  for  the  fast  plasma  wavsi  vis* 

^  eosCmt  «  (a  -  (55) 

By  (l6)  this  yLslds  [ssa  also  (2?)] 


1  *  ^  sinCmt  .  (a  «  k^)sj‘ 


(56) 


where  it  has  to  be  remembered ^  that  z  «  a  z.  ^  By  these  two 
relations  p/p^  oan  successively  be  plotted  as  function  of  s* 
or  of  y  #  (i)t  «>  (d  #>  that  matter. 

In  this  special  Case  of  a  travelling  plasma  wavsi  one 
cant  however,  proceed  In  the  following  menner  to  obtain  the 
saae  direct  relations  as  in  the  previous  chapter  4,  If  we 
introduce 


f  •  Mt  (a  »  iCp)  z^  ■  o>t 


•  (d  hj^)(*  *  *^).  (57) 


relation  (56)  can  be  written 


1  -P„/P 

•*»  "  •  v-v  ^ 


(5«) 


l*e* 


9  •  arc  sin(^)  (e  n  2i() 


r  m  tit  m  (a  »  kp)  a  •  arc  sin($)  -  s^(a  -  li^) . 


(59) 
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By  (55)  and  (52)  one  obtains 

.  .  k ) .  (1 .  -£*.)  frrp,  (<0) 

which  liasedlately  yields 

y  «  arc  sln(4)  ♦  (i  «  f^) \|  1 

'^max 

which  is  identical  with  our  previous  relation  (43a)* 

Hhen  we  have  standing  plasma  waves  In  the  systaii  this 
simple  transformation  is  not  possible •  ezoapt  when  to  ■ 
as  will  be  shoim  In  the  next  section* 


ZZ .  fhe  ^non^llnear .  st|^ln|f  _  glasma^wave  * 
Acain  following  Olvlnc  we  write 


a^  •  sin(u)t  -  ots^) 

o  P 


By  (i6)  this  yields  [aee  also 


a  *o^* 
p  o 


(61) 


p  ^  -  . .  . , 

O  . 

1-  ^  [^cos(«t-qMi^)sin(k  z^)-sln((!)t#cxa^)o08(k^a^)  ] 

O  p 

(62) 

where  It  a^ain  la  to  be  remMibered  that  s  ■  a^  4^  ’**»*^* 
furtheniore  have  [see  also  (18)  and  (17)] 
m  v^  v^ 

,  -  -i— -LJt-g  k^  •ln(ut  *cj*p)  •4»(hp»p)»  (63) 

and 


v^  »  V^  sln(ut  »  Qt  z^)  eos(kp  z^) 


(64) 


Zt  appears  rroii  (62)  and  (6l)  that  z  z^  can  not 
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now  6*  •ilmtnated  from(63)i  that  oah  be  vrtltteh  In  the  foi> 
lowing  form,  viz. 


--  1 

^  +  i  eln[(i)t» 


-(a-kp)t^] 


If  (0  a  0)  i  however,  p/p~  beeomee  [see  also 
P  o 


1  ♦  -r*  8in(o>t  -  2a  a^) 
%  ® 


and  we  are  left  with  one  travelling  wave  only,  since,  as  has 
been  pointed  out  before,  the  stationary  plasma  oseiilation 
does  not  produce  any  variations  in  p* 

rollowing  the  same  procedure  as  in  sestion  i ,  we  obtiMLn 


cat  -  2  a  z  a  arc 


-  2a  z  * 


Since  s  can  be  written 


""-o  1  f 

U  ^  |pos[wt  *  (a  ♦  kp)  z^]  - 


-  cos  tat  -  (a  -  kp)  z^]  •  , 


we  obtain,  in  the  case  of  plasma  resonance t 

V 

l^w(c!»t  -  2a  z^)  -  cos  »t]. 

jP  o 


Ooj.u)  "  ^  s^)(  V  1  »  5*  »  eos  a»t).  (Spa) 

p  max 


Relation  (S?)  now  yields  the  final  result,  viz. 


y  ■  b)t  -  2a  z  a 


«21^ 


a  are  alA(i^)  -  (l  - 


max 


•)T 


i  -  +  (1  - 


)  eps  (lit* 


max 


(70) 


VP  mptlePi  that  for  any  fiveh  timpi  p/p^  how  Tarlps  (wo  apf« 
Ipct  thp  spaop  phapp  dlffprohco)  with  z  hoha 

lihpar  puro  travplllng  plasma  wavp#  As  a  fuhotioh  of  tlms^ 
fPr  a  glvph  pOsltloh  z,  tho  variation  is  diffprsht  hpwpvpr* 
This  is  dup  to  tho  fact,  that  thorp  is  a  purp  plaama  onoillas 
tion  supprimpospd  on  tho  olootrohie  displacoraont,  z^.  Tho 
aptuai  timo  variation,  for  fixod  z,  is  oasily  obtainod  from 
Fig.  1 ,  sihco  Oho  only  has  to  corroct  y  for  the  sihusoidal 
dispiaeompht  (l  Pb/P  .b)  (Bt.  Mpthpds  of  this  typo  mi^t 
bp  applioablp  to  thp  thPory  of  hoh-Bliapar  froqUphoy  mixing 
in  straaadLng,  iohizpd  mpdia* 


In  ordpr  to  epmparo  thp  physical  proportips  of  thp  npn^ 
linpar  travplling  and  standing  plasma  wavps,  wa  havp  in 

Figs,  k,  5,  6,  7,  8,  and  9  dopietpd  thp  Tariation  of  p/p.i 

2  " 

S  /B  •  whprp  £  a  a  V  k  /o,  euid  v  /v  as  functions  of  z  for 
o  o  op  P 

ut  a  n  2x,  and  a>t  m  n  Zn  +  n/2.  Furthpzmpro,  to  domcnstratp 

thp  importancp  and  thp  pffpct  of  thP  plpctronic  displacpmpnt* 

1^,  wp  havp  also,  in  thP  samp  Figs,,  plottpd  thP  fpzapr  quan- 

titiPP  (dashpd  curvps)  unpprrpptpd  fpr  z^,  i.p.  as  fiinctipns 

of  k  z  ,  It  ip  intprpsting  to  nptPt  that  thp  dlsplacpmpnt 
p  o 

eorrpetipns  tpnd  to  sharpoli  thP  psaks,  whpn  ut  ■  n  2x,  and 
biwaden  than  whim  wt  •  n  2n  *  n/g*  All  ourvps  havp  bppn 


f/t 


fif*  P/Pp  ruBotloii  of  B  for  Bon-ltaoBr  troTolllaf  ond 
studliic  plaami  wmvoo* 


Fif.  5. 


p/Pg  ns  fttaolMLOB  of  s  for  a  Boa-llawar 

plaiBM  naro  (wt  ■  v2%  o  n/^)* 


▼  /▼-  ••  fwieties  of  s  for  ^o  aonwl^iioiir  otfuJilc 
^  o 

pliiiii  KOTO  («t  m  afic)* 


Fif,  9.  fWietlon  of  m  for  tbo  aoB-llilOMr 

plAPOO  ooTo  («t  a?*  +  k/2). 


plotted  for  v  /v^  m  d»l6  and  oj/u)^  a  5,  l«o.  for  a  fairly 
"»p  o  p 

uadordaneo  atraaiii.  %bia  yields  a  maxlmiiffl  p/p^value  of  alaott 
two# 

Finally,  in  order  to  make  a  more  direct  oompariion 
between  the  eharge  bunohings  asBOciated  witb  tbe  travelling; 
and  standing  plasma  waves,  we  have,  in  Fig.  k,  replotted  also 
the  p/p^*eurve,  Pjipj/Pp  ■  ^  (and  u)/w_  ■  5),  of  Fig*  i* 

It  is  partioularly  interesting  to  note,  that  the  peak  bunohing 
reipLons  have  almost  the  same  shape  for  the  two  waves  (which  are 
modulated  nearly  equally  much) ,  in  spite  of  their  physioally 
^paite  different  nature. 
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